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AFFINE CURVATURE LINES OF SURFACES IN 3-SPACE
MARTI´N BARAJAS S., MARCOS CRAIZER, AND RONALDO GARCIA
Abstract. In this work we study the affine principal lines of surfaces
in 3-space. We consider the binary differential equation of the affine
curvature lines and obtain the topological models of these curves near
the affine umbilic points (elliptic and hyperbolic). We also describe the
generic behavior of affine curvature lines in the neighborhood of points
with double eigenvalues (but not umbilics) of the affine shape operator
and parabolic points.
1. Introduction
In the context of Euclidean differential geometry of surfaces immersed in
R
3, the principal configuration of a surface consists of the two orthogonal
principal foliations: the leaves are the principal lines and the umbilic points
are the singularities of both foliations. Near the umbilic points the results
of Darboux [10] say that there are three distinct topological models, see Fig.
1. See also [3] and [19].
It is worth to mention that G. Monge [26] described the global behavior
of principal lines in the ellipsoid x2/a2 + y2/b2 + z2/c2 = 1. For a survey
about the origins and recent developments in this subject of research see
[17] and [18].
The relation between Euclidean and affine principal lines was considered
by Su Buchin, [6]. But in general, even the umbilic points are not coinci-
dent. The Euclidean umbilic surfaces are planes and spheres. On the order
hand, the affine umbilic surfaces, also called affine spheres, include all non
degenerate quadrics, some cubic surfaces and many others, see [24, Chapter
3], [27, Chapter 3], [9], [13], [25]. For a survey on affine spheres see [23].
In this work we study the principal lines in the context of affine differential
geometry of surfaces immersed in 3-space. The main goal here is to describe
the local behavior of affine principal lines near the affine umbilic points
(elliptic and hyperbolic), points with double eigenvalues of the affine shape
operator (but not umbilics) and the parabolic set.
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An affine configuration is the triple formed by the two orthogonal affine
foliations, whose leaves are the affine curvature lines and its singular set.
Two affine configurations are said to be locally topologically equivalent if
there is a germ of homeomorphim sending the affine lines of curvature of the
fisrt configuration into the corresponding ones of the second affine config-
uration and also preserving the singularities (affine elliptic and hyperbolic
umbilic points, points with double eigenvalues, parabolic set, discriminant
set).
Analogously, two binary differential equations are said to be locally topo-
logically equivalent if there is a germ of homeomorphism sending the cor-
responding integral curves of the first to the second binary equation and
preserving the singularities.
The paper is organized as follows. In Section 2 the basic concepts are
introduced and the differential equation of affine principal lines is estab-
lished. In Section 3 the local behavior of affine principal lines near affine
umbilic points are described, see Propositions 3.8 and 3.9. In Section 4 the
local behavior of lines of curvature near points with double eigenvalues of
the affine shape operator is analyzed. Section 5 is addressed to the study of
affine principal lines near parabolic points. The main result is Theorem 5.6.
2. Preliminaries
Let S be a smooth (C∞) surface in the 3-dimensional affine space. Outside
the parabolic set, we endow S with the Berwald-Blaschke metric given by
(1) G =| Ke |−
1
4 IIe,
where Ke is the Euclidean Gaussian curvature and IIe is the Euclidean
second fundamental form of S. The Berwald-Blaschke metric is also called
the affine first fundamental form and will denoted by Ia.
There is a single transversal field ξ defined on S such that dξ ⊂ TS and
the area form on S defined by ξ coincides with the area given by the affine
first fundamental form. The vector field ξ is called affine normal field (also
called Blaschke normal field) and locally it is uniquely determined up to a
direction sign ([2, 7, 8, 12, 27]).
We can write, for p ∈ S and v ∈ TpS,
(2) dξ(p)v = B(p)v,
where B(p) is a linear transformation of TpS, called affine shape operator.
It is well-known that B is self-adjoint with respect to G. Thus, if G is
positive-definite, the eigenvalues of B are real and the eigenvectors are G-
orthogonal. The real eigenvalues of B are the affine principal curvatures
and the eigenvectors are the affine principal directions. We say that p is
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(affine) umbilic if B(p) is a multiple of the identity. In the region where the
eigenvalues of B are real and outside umbilic points, there exists a pair of
foliations tangent to the affine principal directions, called affine foliations
of affine curvature lines. When the Euclidean Gauss curvature is negative,
the eigenvalues of the affine shape operator are not always real. A point is
called a double ξ-direction point if there is a single double affine principal
direction [11]. At such points, both principal directions coincide. The set of
double ξ-directions bounds the region where the affine principal curvature
lines are defined.
Consider now the case that S is parameterized by X : U ⊂ R2 → S. Let
L = |Xu,Xv ,Xuu| , M = |Xu,Xv ,Xuv| , N = |Xu,Xv,Xvv | ,
whereXu =
∂X
∂u
, Xv =
∂X
∂v
and |a, b, c| denotes the determinant of the vectors
a, b, c. One can verify that the Berwald-Blaschke metric is given by
(3)
G =g11du2 + 2g12dudv + g22dv2,
g11 =
L
|LN −M2| 14
, g12 =
M
|LN −M2| 14
, g22 =
N
|LN −M2| 14
.
The conormal vector ν to S at p is defined by ν = |Ke|−
1
4 Ne and the
affine normal vector ξ is totally determined by the relations
(4) 〈ν, ξ〉 = 1 and 〈ν, ξu〉 = 〈ν, ξv〉 = 0,
where 〈 , 〉 denotes the Euclidean inner product (see [8]). One can verify
that ν is given by
(5) ν(p) =
1
|LN −M2| 14
(Xu ×Xv) .
From equation (4) and (5) it follows that
(6) ξ =
1
|LN −M2| 14
(νu × νv).
For further reference, see [7], we have in a local chart (u, v) that:
(7) ξ =
1
2
|LN −M2| 14√
|LN −M2|
{
∂
∂u
(
NXu −MXv√
|LN −M2|
)
+
∂
∂v
(
LXv −MXu√
|LN −M2|
)}
The conormal and the affine normal vectors satisfy the equations
|Xu,Xv, ξ| = |ν, νu, νv| =
∣∣LN −M2∣∣ 14 .
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The affine structural equations are given by
Xuu = A
1
11Xu +A
2
11Xv + g11ξ,
Xuv = Xvu = A
1
12Xu +A
2
12Xv + g12ξ,
Xvv = A
1
22Xu +A
2
22Xv + g22ξ,
where the Aijk are the affine Christoffel symbols.
Denote by (bij) the matrix of the affine shape operator in the basis
{Xu,Xv}. We can write
(8)
[
ξu
ξv
]
=
[
b11 b21
b12 b22
] [
Xu
Xv
]
,
with
b11 =
∣∣LN −M2∣∣− 14 |ξu,Xv, ξ| ,
b21 =
∣∣LN −M2∣∣− 14 |Xu, ξu, ξ| ,
b12 =
∣∣LN −M2∣∣− 14 |ξv,Xv, ξ| ,
b22 =
∣∣LN −M2∣∣− 14 |Xu, ξv, ξ| .
The affine third fundamental form (IIIa) is a symmetric bilinear quadratic
form, given by
(9) 〈dξ, dν〉 = ldu2 + 2mdudv + ndv2, where
l = 〈νu, ξu〉 = −〈ν, ξuu〉 ,
m = 〈νu, ξv〉 = 〈νv, ξu〉 = −〈ν, ξuv〉 ,
n = 〈νv, ξv〉 = −〈ν, ξvv〉 .
In terms of the parametrization X, and using (8) we obtain
−l = b11g11 + b21g12,
−m = b11g12 + b21g22,
−m = b12g11 + b22g22,
−n = b12g12 + b22g22.
Thus we obtain the coefficients bij in terms of the affine first and third
fundamental forms as follows.[
b11 b21
b12 b22
]
= − ∣∣g11g22 − g212∣∣−1
[
l m
m n
] [
g22 −g12
−g12 g11
]
(10)
= −
∣∣LN −M2∣∣− 34 [ l m
m n
] [
N −M
−M L
]
.
We give now the equation of affine curvature lines.
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Proposition 2.1. Let γ(t) = X(u(t), v(t)) a smooth curve on S. Then, γ
is an affine curvature line if, and only if, γ satisfies the binary differential
equation
(11) (lg12 −mg11) du2 + (lg22 − ng11) dudv + (mg22 − ng12) dv2 = 0
Proof. The affine principal directions v are defined by the eigenvectors equa-
tion dξ(p)v + λ(p)v = 0. These directions are obtained taking the jacobian
of the affine first fundamental forms Ia = g11du
2 + 2g12dudv + g22dv
2 and
the affine third fundamental form IIIa = ldu
2+2mdudv+ndv2 with respect
to (du, dv).  
Remark 2.2. As the coefficients of the affine first fundamental form Ia
are proportional to K
−
1
4
e we can regularize this differential equation at the
points where Ke = 0 (parabolic points) and the affine curvature lines are the
integral curves of the regularized equation
(12) (lM −mL) du2 + (lN − nL) dudv + (mN − nM) dv2 = 0.
3. Affine curvature lines near affine umbilic points
In this section we analyze the local behavior of affine curvature lines in a
neighborhood of the affine umbilic points, elliptic and hyperbolic.
To establish the main result of this section, we will use a special and suitable
local parametrization of surface S in a small neighborhood of p.
Proposition 3.1 (Pick normal forms, [7, 11]). Let S be a smooth surface
locally parametrized by X(u, v) = (u, v, h(u, v)) and let p = X(0, 0). As-
sume that p = X(0, 0) is not a parabolic point. Then, by affine change of
coordinates,
(i) If p is an elliptic point, h(u, v) can be written as
1
2
(
u2 + v2
)
+
σ
6
(
u3 − 3uv2)+ 1
24
(
q40u
4 + 4q31u
3v ++6q22u
2v2 + 4q13uv
3 + q04v
4
)
+
1
120
(
q50u
5 + 5q41u
4v + 10q32u
3v2 + 10q23u
2v3 + 5q14uv
4 + q05v
5
)
+O(6).
(ii) If p is a hyperbolic point, h(u, v) can be written as
1
2
(
u2 − v2)+ σ
6
(
u3 + 3uv2
)
+
1
24
(
q40u
4 + 4q31u
3v ++6q22u
2v2 + 4q13uv
3 + q04v
4
)
+
1
120
(
q50u
5 + 5q41u
4v + 10q32u
3v2 + 10q23u
2v3 + 5q14uv
4 + q05v
5
)
+O(6).
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Lemma 3.2. Let X be given by Proposition 3.1. In the elliptic case, the
affine normal ξ is given by:
(13)
ξ(u, v) =
((
1
2
σ2 − 1
4
q22 − 1
4
q40
)
u− 1
4
(q13 + q31) v +O(2),
−1
4
(q13 + q31) u+
(
1
2
σ2 − 1
4
q04 − 1
4
q22
)
v +O(2), 1 +O(2)
)
.
In the hyperbolic case, the affine normal is given by:
(14)
ξ(u, v) =
((
1
2
σ2 +
1
4
q22 − 1
4
q40
)
u+
1
4
(q13 − q31)v +O(2),
−1
4
(q13 − q31)u+
(
1
2
σ2 − 1
4
q04 +
1
4
q22
)
v +O(2), 1 +O(2)
)
.
Here O(2) means functions of higher order.
Proof. Follows from equation (6) and straightforward calculations.  
Lemma 3.3. Let X be given by Proposition 3.1. In the elliptic case, the
affine shape operator B is given by:
b11 =
1
2
σ2 − 1
4
q22 − 1
4
q40 +
(
−σ3 − 1
4
σq22 +
5
4
q40σ − 1
4
q32 − 1
4
q50
)
u+
+
(
−1
4
q41 − 1
2
σq13 − 1
4
q23
)
v +O(2),
b12 = −1
4
(q13 + q31) +
(
−1
4
q41 − 1
2
σq13 − 1
4
q23
)
u+
+
(
σ3 − 5
4
σq22 − 1
4
q32 − 3
4
σq04 − 1
4
q14
)
v +O(2),
b21 = −1
4
(q13 + q31) +
(
−1
2
q31σ − 1
4
q41 − σq13 − 1
4
q23
)
u+
+
(
σ3 − 1
4
q40σ − 5
4
σq22 − 1
4
q32 − 1
2
σq04 − 1
4
q14
)
v +O(2),
b22 =
1
2
σ2 − 1
4
q22 − 1
4
q04 +
(
σ3 − 1
4
q40σ − 5
4
σq22 − 1
4
q32 − 1
2
σq04 − 1
4
q14
)
u+
+
(
−1
2
q31σ − 2σq13 − 1
4
q23 − 1
4
q05
)
v +O(2).
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In the hyperbolic case, the affine shape operator B is given by:
b11 = −1
2
σ2 − 1
4
q22 +
1
4
q40 −
(
−σ3 + 1
4
σq22 +
5
4
q40σ +
1
4
q32 − 1
4
q50
)
u−
−
(
1
2
σq13 +
1
4
q23 − 1
4
q41
)
v +O(2),
b12 =
1
4
(q31 − q13)−
(
−1
4
q41 +
1
2
σq13 +
1
4
q23
)
u−
−
(
−σ3 − 5
4
σq22 − 1
4
q32 +
3
4
σq04 +
1
4
q14
)
v +O(2),
b21 = −1
4
(q31 − q13)−
(
1
2
q31σ +
1
4
q41 − σq13 − 1
4
q23
)
u−
−
(
σ3 − 1
4
q40σ +
5
4
σq22 +
1
4
q32 − 1
2
σq04 − 1
4
q14
)
v +O(2),
b22 = −1
2
σ2 − 1
4
q22 +
1
4
q04 −
(
σ3 − 1
4
q40σ +
5
4
σq22 +
1
4
q32 − 1
2
σq04 − 1
4
q14
)
u−
−
(
−1
2
q31σ + 2σq13 +
1
4
q23 − 1
4
q05
)
v +O(2).
Proof. Follows from equation (10) in the parametrization of X given by
equation (3.1).  
Lemma 3.4. Let X be given by Proposition 3.1. In the elliptic case, p =
X(0, 0) is an affine umbilic point if and only if q31 = −q13 and q40 = q04.
In the hyperbolic case, the origin is an affine umbilic point if, and only if,
q40 = q04 and q31 = q13.
Proof. It follows from Lemma 3.3.  
Lemma 3.5. In a neighborhood of an elliptic umbilic point the binary dif-
ferential equation of the affine curvature is given by:
(15) (a1u+ b1v)(du
2 − dv2) + 2(a2u+ b2v)dudv +O(2) = 0,
where
(16)
lM −mL = a1u+ b1v +O(2)
lN − nL = 2a2u+ 2b2v +O(2)
mN − nM = −a1u− b1v +O(2)
and
a1 =
1
4
(2σq31 − q23 − q41)
b1 = σ
3 − 1
4
σ (3q40 + 5q22)− 1
4
(q14 + q32) ,
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a2 = σ
3 − σ
2
(2q40 + q22) +
1
8
(q50 − q14)
b2 =
σ
2
q31 +
1
8
(q41 − q05) .
Here O(2) means higher order terms in relation to the variables (u, v).
Proof. Straightforward calculations.  
Lemma 3.6. In a neighborhood of a hyperbolic umbilic point the binary
differential equation of the affine curvature lines is given by:
(17) (a1u+ b1v)(du
2 + dv2) + 2(a2u+ b2v)dudv +O(2) = 0,
where
(18)
lM −mL = a1u+ b1v +O(2)
lN − nL = 2a2u+ 2b2v +O(2)
mN − nM = a1u+ b1v +O(2)
and
a1 =
1
4
(2σq31 + q23 − q41)
b1 = −σ3 + 1
4
σ (3q40 − 5q22) + 1
4
(q14 − q32) ,
a2 = −σ3 + σ
2
(2q40 − q22)− 1
8
(q50 − q14)
b2 = −σ
2
q31 − 1
8
(q41 − q05) .
Here O(2) means higher order terms in relation to the variables (u, v).
Proof. Straightforward calculations.  
Let J = a2 b1 − a1 b2 and consider the discriminant function δ given by
δ(u, v) = (lN − nL)2 − 4(lM −mL)(mN − nM).
Lemma 3.7. At an elliptic umbilic point, we have that
det(Hess(δ)(0, 0)) = 64J2,
while at an hyperbolic umbilic point,
det(Hess(δ)(0, 0)) = −64J2.
Proof. Straightforward calculations.  
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Assuming that J 6= 0, the discriminant function has a Morse singularity at
the origin; this is, δ is equivalent, by a change of coordinates in the source, to
u2+v2 in the elliptic case and to u2−v2 in the hyperbolic case. In the elliptic
case, the curvature lines are defined outside the isolated umbilic point, while
in the hyperbolic case there exist two smooth curves crossing transversally
the origin and the solutions of (12) are in the region where δ ≥ 0. The binary
differential equation with discriminant function having Morse singularity at
the origin of type A+1 , resp. A
−
1 (in the Arnold’s notation; for more details
about A±k singularities see [1, Chapter 11]), was well studied in [4] and the
conclusion of this part is referred to this paper.
 
D1 D2 D3
Figure 1. Affine lines of curvature near an affine umbilic
point (elliptic case).
Consider the cubic polynomial
p3e = b1 k
3 + (a1 − 2 b2) k2 − (b1 + 2 a2) k − a1.
in the elliptic case and
p3h = b1 k
3 + (a1 + 2 b2) k
2 + (b1 + 2 a2) k + a1.
in the hyperbolic case. The discriminants of these polynomials are denoted
by ∆e and ∆h, respectively. The condition ∆e 6= 0, resp. ∆h 6= 0, means
that p3e, resp. p3h, has no double roots. For the next two propositions, see
Fig. 2 and 3 of [4]. See also [3] and [19].
Proposition 3.8. Consider an isolated elliptic affine umbilic point and as-
sume J 6= 0 and ∆e 6= 0. Then the configuration of affine curvature lines are
locally topological equivalent to the models presented in Fig. 1. The affine
configuration is completely determined by the 5-jet of the surface. More
precisely:
(i) If ∆e < 0 then the affine umbilic point is of type D1, having a hy-
perbolic sector for each family of affine principal lines. The binary
differential equation of affine curvature lines is topologically equiva-
lent to vdv2 + 2ududv − vdu2 = 0. See Fig. 1, left.
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(ii) If ∆e > 0 and J < 0 then the affine umbilic point is of type D2,
having a hyperbolic sector and a parabolic sector for each family of
affine principal lines. The binary differential equation of affine cur-
vature lines is topologically equivalent to vdv2 + 12ududv− vdu2 = 0.
See Fig. 1, center.
(iii) If ∆e > 0 and J > 0 then the affine umbilic point is of type D3,
having three hyperbolic sectors for each family of affine principal
lines. The binary differential equation of affine curvature lines is
topologically equivalent to vdv2 − 2ududv − vdu2 = 0. See Fig. 1,
right.
Proof. See [3], [19], [21]. The configuration is established performing the
resolution of the binary differential equation using the Lie-Cartan approach.
The construction of the topological equivalence can be done by the method
of canonical regions.  
In the hyperbolic case, we must also consider the branches of the umbilic
point, which are given by the zeros of the polynomial
p2h =
(−4 b21 + 4 b22) k2 + (−8 a1 b1 + 8 a2 b2) k − 4 a21 + 4 a22.
The resultant of p2h and p3h is given by
R = 64 (−b1 + a1 − a2 + b2)2 (b1 + a1 + a2 + b2)2 (a1 b2 − a2 b1)2 .
The condition R 6= 0 means that p2h and p3h have no common roots.
Proposition 3.9. Consider an isolated hyperbolic affine umbilic point and
assume J 6= 0, ∆h 6= 0 and R 6= 0. Then the configurations of affine
curvature lines are locally topological equivalent to the models presented in
Fig. 2. The affine configurations are completely determined by the 5-jet of
the surface. More precisely:
(i) If ∆h < 0 and J < 0 then the affine umbilic point is of type A1, hav-
ing a hyperbolic sector for each family of affine principal lines. The
binary differential equation of affine curvature lines is topologically
equivalent to vdv2 + 2ududv + vdu2 = 0. See A1 Fig. 2.
(ii) If ∆h < 0 and J > 0 then the affine umbilic point is of type A2,
having a parabolic sector for each family of affine principal lines. The
binary differential equation of affine curvature lines is topologically
equivalent to vdv2 − 12ududv + vdu2 = 0. See A2 Fig. 2.
(iii) If ∆h > 0, a2 + b1 > |a1 + b2| and J > 0 then the affine umbilic
point is of type A3, having one hyperbolic sectors and two parabolic
sectors for each family of affine principal lines. The binary differ-
ential equation of affine curvature lines is topologically equivalent to
vdv2 − 43ududv + vdu2 = 0. See A3 Fig. 2.
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(iv) If ∆h > 0, a2 + b1 > |a1 + b2| and J < 0 or ∆h > 0, |a2 + b1| <
|a1 + b2| and J > 0 then the affine umbilic point is of type A4, hav-
ing two hyperbolic sectors and one parabolic sector for each family of
affine principal lines. The binary differential equation of affine cur-
vature lines is topologically equivalent to vdv2+2(v−u)dudv+vdu2 =
0. See A4 Fig. 2.
(v) If ∆h > 0, a2 + b1 < − |a1 + b2| or ∆h > 0, |a2 + b1| < |a1 + b2|
and J < 0 then the affine umbilic point is of type A5, having three
hyperbolic sectors for each family of affine principal lines. The bi-
nary differential equation of affine curvature lines is topologically
equivalent to vdv2 − 4ududv + vdu2 = 0. See A5 Fig. 2.
A
3
A
2 A1
A
5
A
4
Figure 2. Affine lines of curvature near an affine umbilic
point (hyperbolic case).
Proof. See [4]. The five local models are obtained performing a resolution
of the binary differential equation in terms of hyperbolic singularities of lo-
cal vector fields defined in the implicit surface of the differential equation.
The local homeomorphism given the topological equivalence to the topolog-
ical normal forms stated can be constructed using the method of canonical
regions, see [19].  
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4. Affine curvature lines near points with double eigenvalues
of the affine shape operator
In this section we consider the singularities of equation (12) when the
affine shape operator has a double eigenvalue but is not a hyperbolic umbilic
point. Consider a surface S ∈ R3 parametrized by X(u, v) = (u, v, h(u, v)).
According to [6, Chapter 1], in a small neighborhood of hyperbolic point
p = X(0, 0) = (0, 0), we can take the parametrization (u, v, h(u, v)), where
h(u, v) = uv +
1
6
(
q30u
3 + q03v
3
)
+
1
24
(
q40u
4 + 4q31u
3v + 6q22u
2v2+
+ 4q13uv
3 + q04v
4
)
+
1
120
(
q50u
5 + 5q41u
4v + 10q32u
3v2+
+ 10q23u
2v3 + 5q14uv
4 + q05v
5
)
+
1
720
(
q60u
6 + 6q51u
5v+(19)
+ 15q42u
4v2 + 20q33u
3v3 + 15q24u
2v4 + 6q15uv
5 + q06v
6
)
+O(7).
We will adopt this normal form instead of that used in the analysis of hyper-
bolic umbilic points, see Proposition 3.1, in order to simplify the calculations.
At (0, 0) it follows that ξu(0, 0) = −12(q22 − 12q30q03, q31) and ξv(0, 0) =
−12(q13, q22− 12q30q03). Assuming q13 6= 0 and q31 = 0, the double eigenvalue
is −12(q22 − 12q30q03) and the unique eigenvector is (1, 0). Substituting (19)
in (12) we obtain that the differential equation of affine principal lines is
given by
A(u, v)du2 +B(u, v)dudv + C(u, v)dv2 = 0,
where,
A(u, v) = −32q31 + 16
(−2q03q230 + 7q22q30 − 32q41)u+ 16 (q03q40+
+ 4q13q30 − 2q32) v − 16
(
3q03q30q40 + 3q13q
2
30 − 6q22q40−
− 5q30q32 + q231 + q51
)
u2 − 16 (10q03q30q31 + 2q04q230 − q03q50−
− 5q13q40 − 5q22q31 − 7q23q30 + 2q42)uv + 4
(
7q203q
2
30−
− 32q03q22q30 + 4q03q41 + 2q04q40 + 8q14q30 + 18q222 − 4q33
)
v2 +
+ O(3),
B(u, v) = 32q30q13u− 32q03q31v − 16
(
4q03q30q31 + q04q
2
30 − q13q40+
+ q22q31 − 2q23q30) u2 − 32(q03q41 − q14q30)uv + 16
(
q203q40+
+ 4q03q13q30 − 2q03q32 − q04q31 + q13q22) v2 +O(3),
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C(u, v) = 32q13 − 16 (4q03q31 + q04q30 − 2q23) u+ 16
(
2q203q30 − 7q03q22+
+ 2q14) v − 4
(
7q203q
2
30 − 32q03q22q30 + 8q03q41 + 2q04q40+
+ 4q14q30 + 18q
2
22 − 4q33
)
u2 + 16
(
2q203q40 + 10q03q13q30−
− 7q03q32 − 5q04q31 − q05q30 − 5q13q22 + 2q24)uv + 16
(
3q203q31+
+ 3q03q04q30 − 5q03q23 − 6q04q22 + q213 + q15
)
v2 +O(3).
The discriminant function δ = B2 − 4AC is given by
δ(u, v) = 4096q31q13 + 2048
(
2q03q13q
2
30 − 4q03q231 − q04q30q31−
− 7q13q22q30 + 2q13q41 + 2q23q31) u+ 2048
(
2q203q30q31−
− q03q13q40 − 7q03q22q31 − 4q213q30 + 2q13q32 + 2q14q31
)
v +O(2).
Suppose q31 = 0 and q13 6= 0, thus p = (0, 0) is a point in the discriminant
set which is locally a smooth curve.
Lemma 4.1. Let q31 = 0, q13(2q03q
2
30 − 7q22q30 + 2q41) 6= 0. Then the
configuration of affine curvature lines are locally topological equivalent near
p = (0, 0) to the model presented in Fig. 3. The binary differential equation
of affine curvature lines is topologically equivalent to the normal form dv2+
udu2 = 0.
Figure 3. Affine lines of curvature near a point with double
eigenvalue of the affine shape operator.
Proof. This is a classical case, under the conditions stated in the lemma the
discriminant set defined by δ = B2 − 4AC = 0 is transversal to the unique
affine principal direction at δ = 0. Direct analysis shows that the solution
passing through (0, 0) is parametrized by
u(t) =512 q13
(
2 q03 q
2
30 − 7 q22 q30 + 2 q41
)
t2 +O(t3)
v(t) =
16384
3
q13
(
2 q03 q
2
30 − 7 q22 q30 + 2 q41
)2
t3 +O(t4)
Therefore, locally the solutions are curves having cuspidal type along the
discriminant set δ = 0.
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The local homeomorphism of the topological equivalence between the bi-
nary differential equation of affine curvature lines and the normal form stated
can be constructed using the method of canonical regions, see [19].  
Lemma 4.2. Consider the parametrization given by (19) and suppose that
q13 6= 0, q31 = 0, 2q03q230 − 7q22q30 + 2q41 = 0. Let(
18q13q
2
30 + (13q03q40 − 22q32) q30 − 24q22q40 + 4 q51
)
(q03q40 + 4q13q30 − 2q32) 6= 0.
Then the discriminant curve δ = 0 is regular near p, tangent to the dou-
ble affine principal direction (1, 0) and the contact between the discriminant
curve and the asymptotic line passing through p and tangent to (1, 0) is
quadratic.
Proof. The asymptotic lines are solutions of Ldu2+2Mduv+Ndv2 = 0. In
the conditions stated it is given by the implicit differential equation
H =
(
q30u+
1
2
q40u
2 +
1
2
q22v
2 +O(3)
)
du2 +
(
2− u2 + 2q22uv+
+ (q13 − 1) v2 +O(3)
)
dvdu+
(
q03v +
1
2
q22u
2 + q13uv +
1
2
q04v
2+
+ O(3)) dv2 = 0
The asymptotic lines through (0, 0) are given by (u, v1(u)) and (u2(v), v)
with
v1(u) = −1
4
q30u
2− 1
12
q40u
3+O(4) and u2(v) = −1
4
q03v
2− 1
12
q04v
3+O(4).
Under the conditions q31 = 0 and 2q03q
2
30− 7q22q30 +2q41 = 0, the discrimi-
nant curve δ = 0 is locally defined by
δ(u, v) = −2048q13 (q03q40 + 4q13q30 − 2q32) v + 1024q13 (6q03q30q40+
+ 7q13q
2
30 − 12q22q40 − 10q30q32 + 2q51
)
u2 + 1024 (q03q04q30q40+
+ 8q04q13q
2
30 − 2q03q13q50 − 2q03q23q40 − 2q04q30q32 − 10q213q40 −
− 22q13q23q30 + 4q13q42 + 4q23q32) vu+−512
(
4q303q30q40+
+ 19q203q13q
2
30 − 14q203q22q40 − 8q203q30q32 − 74q03q13q22q30 +
+ 4q03q14q40 + 28q03q22q32 + 2q04q13q40 + 24q13q14q30 +
+ 18q13q
2
22 − 4q13q33 − 8q14q32
)
v2 +O(3).
Therefore by the Implicit Function Theorem it follows that for the curve
(u, δ1(u)) we have:
δ1(u) =
1
2
(
6q03q30q40 + 7q13q
2
30 − 12q22q40 − 10q30q32 + 2q51
q03q40 + 4q13q30 − 2q32
)
u2 +O(3).
So the contact is quadratic when
6q03q30q40 + 7q13q
2
30 − 12q22q40 − 10q30q32 + 2q51
q03q40 + 4q13q30 − 2q32 +
1
2
q30 6= 0.
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The last condition is equivalent to(
18q13q
2
30
+ (13q03q40 − 22q32) q30 − 24q22q40 + 4 q51
)
(q03q40 + 4q13q30 − 2q32) 6= 0.
 
Proposition 4.3. In the conditions of Lemma 4.2, the configuration of
affine principal lines near a point with double eigenvalues of the affine shape
operator is topologically equivalent to the three models shown in Fig. 4. The
affine configuration is completely determined by the 6-jet of the surface.
The binary differential equation of affine curvature lines is topologically
equivalent to the following normal forms
folded saddle dv2 − 2u dudv − vdu2 = 0
folded foci dv2 − 2u dudv + (2u2 − v)du2 = 0
folded node dv2 − 2u dudv + (14
9
u2 − v)du2 = 0
Figure 4. Affine curvature lines near a point with double
eigenvalues of the affine shape operator. A folded saddle
(left), a folded foci (center) and folded node (right).
Proof. This result is well known in the literature, see [22] and references
therein. For convenience to the reader a sketch of proof is the following. Let
P = dv
du
and
F(u, v, P ) = A(u, v) +B(u, v)P + C(u, v)P 2.
Consider the Lie-Cartan vector field X (u, v, P ) = (FP , PFP ,− (Fu + PFv)).
We have X (0, 0, 0) = [0, 0, 0], thus (0, 0, 0) is singular point of X . The eigen-
values of DX (0) are given by
λi = −8
(
(q03q40 + 4q13q30 − 2a32) + (−1)i
√
∆λ
)
, i = 1, 2,
where
∆λ = q
2
03q
2
40 + 112q03q13q30q40 + 160q
2
13q
2
30 − 4q03q32q40 − 192q13q22q40 −
− 192q13q30q32 + 32q13q51 + 4q232.
If ∆λ < 0, the projection of the integral curves of X has a folded hyperbolic
focus at the origin (see Fig. 4, center). When ∆λ > 0 we have
λ1λ2 = −512q13
(
13q03q30q40 + 18q13q
2
30 − 24q22q40 − 22q30q32 + 4q51
)
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and a we have a hyperbolic folded node (λ1λ2 > 0) or a hyperbolic folded
saddle (λ1λ2 < 0). See Fig. 4 right and left, respectively.
The construction of the topological equivalence can be performed using
the method of canonical regions, see [14] and [19].  
5. Affine principal curvature lines near the parabolic set
In this section we study the local behavior of affine curvature lines in a
small neighborhood of the parabolic set, which is assumed to be a regular
curve.
5.1. Differential equation of affine principal lines in a Monge chart.
In this subsection, we obtain the differential equation of the affine principal
lines in a Monge chart.
Consider a smooth surface S parametrized in a Monge chart X(u, v) =
(u, v, h(u, v)). Recall that the affine first fundamental form is given by:
(20) Ia =
1
|huuhvv − huv2| 14
(
huudu
2 + 2huvdudv + hvvdv
2
)
.
The affine normal vector ξ, defined by equations (4) and (7), is given by
ξ = (ξ1, ξ2, ξ3), where
ξ1 = −1
4
1
(huuhvv − h2uv)
7
4
(
huuuh
2
vv + huuhvvhuvv − 3huvhvvhuuv
− huuhuvhvvv + 2h2uvhuvv
)
,
ξ2 = −1
4
1
(huuhvv − h2uv)
7
4
(
h2uuhuvv + huuhvvhuuv − 3huvhuuhuvv
− huvhvvhuuu + 2h2uvhuuv
)
,
ξ3 = −1
4
1
(huuhvv − h2uv)
7
4
(
huh
2
vvhuuu + huhuuhvvhvvu − 3huhuvhvvhuuv−
− hvhuvhvvhuuu − 3hvhuuhuvhuvv + 2hvh2uvhuuv + hvhuuhvvhuuv +
+ hvh
2
uuhvvv − huhuuhuvhvvv + 2huh2uvhuvv − 4
(
huuhvv − h2uv
)2)
.
AFFINE CURVATURE LINES OF SURFACES IN 3-SPACE 17
The coefficients of the third affine fundamental form IIIa = ldu
2+2mdudv+
ndv2, defined by equation (9), are:
l = − 1
16
1
(huuhvv − h2uv)2
(−4 (hvvhuuuu − 2huvhuuuv) (huuhvv − h2uv) −
− 4huu
(
huuhvv − h2uv
)
huuvv + 7h
2
vvh
2
uuu + 3h
2
uuh
2
uvv +
+ (−28huuvhuvhvv + 2(huuhvv + 8h2uv)huvv − 4hvvvhuuhuv)huuu +
+ 12(huuhvv + h
2
uv)h
2
uuv + 4(h
2
uuhvvv − 6huuhuvhuvv)huuv
)
,
m = − 1
16
1
(huuhvv − h2uv)2
(−4 (hvvhuuuv − 2huvhuuvv) (huuhvv − h2uv)+
+ (7h2vvhuuv − 10huvhvvhuvv + (−huuhvv + 4h2uv)hvvv)huuu −
− 4 (huuhvv − h2uv)huvvv − 18h2uuvhuvhvv + 7huvvhvvvh2uu +
+ ((15huuhvv + 24h
2
uv)huvv − 10huuhuvhvvv)huuv − 18h2uvvhuuhuv
)
,
n = − 1
16
1
(huuhvv − h2uv)2
(−4 (hvvhuuvv − 2huvhuvvv) (huuhvv − h2uv)−
− 4huuhvvvv
(
huuhvv − h2uv
)
+ 4(−huvhvvhvvv + huvvh2vv)huuu +
+ 3h2uuvh
2
vv + 2(−12huvhvvhuvv + (huuhvv + 8h2uv)hvvv)huuv +
+ 12(huuhvv + h
2
uv)h
2
uvv − 28huvvhvvvhuuhuv + 7h2vvvh2uu.
Thus, the equation of the affine curvature lines (12) is given by
(21) A(u, v)du2 +B(u, v)dudv + C(u, v)dv2 = 0,
where
A(u, v) =
1
4
1
(huuhvv − h2uv)2
(−4huvhvvhuuuu (huuhvv − h2uv)+
+ 4
(
huuhvv − h2uv
) ((
huuhvv + h
2
uv
)
huuuv − 3huuhuvhuuvv
)
+
+ 4h2uuhuvvv
(
huuhvv − h2uv
)
+ 7huvh
2
vvh
2
uuu +
+
(−7hvvhuuv(huuhvv + 4h2uv) + 4huvhuvv(3huuhvv + 4h2uv)+
+ huuhvvv(huuhvv − 8h2uv)
)
huuu + 6huvh
2
uuv(5huuhvv + 2h
2
uv) +
+ (−3huuhuvv(5huuhvv + 16h2uv) + 14h2uuhuvhvvv)huuv −
− 7h3uuhvvvhuvv + 21h2uuhuvh2uvv
)
,
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B(u, v) =
1
4
1
(huuhvv − h2uv)2
(−4h2vvhuuuu (huuhvv − h2uv)+
+ 8huv (hvvhuuuv − huuhuvvv)
(
huuhvv − h2uv
)
+ 7h3vvh
2
uuu +
+ 4h2uuhvvvv
(
huuhvv − h2uv
)
+ 3hvvh
2
uuv(3huuhvv + 4h
2
uv)−
− 2hvv(14huvhvvhuuv + huvv
(
huuhvv − 8h2uv
)
)huuu +
+ 2huuhuuvhvvv(huuhvv − 8h2uv) + 28h2uuhuvhvvvhuvv −
− 3huuh2uvv(3huuhvv + 4h2uv)− 7h3uuh2vvv
)
,
C(u, v) =
1
4
1
(huuhvv − h2uv)2
(−4h2vvhuuuv (huuhvv − h2uv)−
− 4 (huuhvv − h2uv) (huvvv (huuhvv + 2h2uv)− 3huvhvvhuuvv) +
+ 4huuhuvhvvvv
(
huuhvv − h2uv
)− 21huvh2vvh2uuv +
+ hvvhuuu(7h
2
vvhuuv − 14huvhvvhuvv − hvvv
(
huuhvv − 8h2uv
)
)−
− huvh2uvv(5huuhvv + 2h2uv) + 7huuhuvvhvvv(huuhvv + 4h2uv)−
− 7h2uuhuvh2vvv + huuv
(
3hvvhuvv(5huuhvv + 16h
2
uv)−
− 4huvhvvv(3huuhvv + 4h2uv)
))
.
Note that (21) is a homogeneous equation, thus we can extend the binary
differential equation of affine curvature lines to the parabolic set, defined by
huuhvv − h2uv = 0, as the numerator of (21), written as
(22) A¯(u, v)du2 + B¯(u, v)dudv + C¯(u, v)dv2 = 0.
The parabolic set is generically, see [22, Chapter 6], formed of smooth curves
and it induces a natural decomposition on a surface: the elliptic region
(where Ke > 0) and the hyperbolic region (where Ke < 0) having the
parabolic set as common boundary.
5.2. Affine principal curvature lines near an ordinary parabolic
point. The main goal of this subsection is to describe the local behav-
ior of the affine principal lines near an ordinary parabolic points, i.e., when
the double asymptotic direction given in the Monge chart by (hvv ,−huv) =
(−huv, huu) is transversal to the regular curve of parabolic points. We ob-
serve that, at such parabolic points, the Euclidean principal directions are
both transversal to the parabolic curve. For affine principal lines we have
the following.
Proposition 5.1. At an ordinary parabolic point, the parabolic set is an
affine curvature line.
Proof. We must prove that the parabolic set satisfies equation (22). Let
p ∈ S be parabolic point, i.e., (huuhvv − h2uv) (p) = 0. The tangent vector
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to the parabolic set at p is given by (du1, dv1) where
du1 = −huuhvvv − huuvhvv + 2huvhuvv ,
dv1 = huuhuvv + huuuhvv − 2huuvhuv.
Evaluating equation (22) it follows, corroborated by algebraic symbolic cal-
culations, that
A¯(u, v)du21+B¯(u, v)du1dv1+C¯(u, v)dv
2
1 = (huuhvv−h2uv)H(h, dh, d2h, d3h, d4h),
where H is a polynomial in the partial derivatives of h up to order four,
which completes the proof.  
Let now X(u, v) = (u, v, h(u, v)) be a parametrization around a parabolic
point p = X(0, 0) where,
h(u, v) =
k
2
v2 +
1
6
(
q30u
3 + 3q21u
2v + 3q12uv
2 + q03v
3
)
+
1
24
(
q40u
4+
+ 4q31u
3v + 6q22u
2v2 + 4q13uv
3 + q04v
4
)
+
1
120
(
q50u
5+(23)
+ 5q41u
4v + 10q32u
3v2 + 10q23u
2v3 + 5q14uv
4 + q05v
5
)
+O(6).
Replacing (23) in (22) we obtain, at the origin, that:
(24)
A¯(u, v)du2 + B¯(u, v)dudv + C¯(u, v)dv2 = 0,
A¯(u, v) =7 k2q30
(
q12 q30 − q221
)
v +O(2)
B¯(u, v) =7 k3q230 + k
2q30
(
10 kq40 + 19 q12 q30 − 19 q221
)
u
−k2 (4 kq21 q40 − 14 kq30 q31 − 21 q03 q230 + 30 q12 q21 q30 − 9 q321) v +O(2)
C¯(u, v) =7 k3q21 q30 + k
2
(
7 kq21 q40 + 3 kq30 q31 − q03 q230 + 22 q12 q21 q30 − 21 q321
)
u
+k2
(
3 kq21 q31 + 7 kq22 q30 + 20 q03 q21 q30 − 14 q212q30 − 6 q12 q221
)
v +O(2)
In particular (24) evaluated at the origin gives 7k3q30(q30du+q21dv)dv = 0.
The condition for p to be an ordinary parabolic point is exactly q30 6= 0.
Therefore we conclude that:
Lemma 5.2. At an ordinary parabolic point, the affine principal lines are
transversal. The local behavior of the affine principal lines is as shown in
Fig. 5. The affine configuration is topologically equivalent to the topological
normal form v dudv = 0 and it is completely determined by the 4-jet of the
surface.
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Figure 5. Affine curvature lines near ordinary parabolic
points. The parabolic arc is an affine principal line.
5.3. Affine principal curvature lines near a Gauss cusp point. The
main goal of this subsection is to describe the local behavior of affine princi-
pal lines near a Gauss cusp point. The origin (p = X(0, 0)) is a Gauss cusp
point when q30 = 0 and 3q
2
21 − kq40 6= 0 (see [22, Chapter 6]).
In this case, the discriminant function δ = B¯2− 4A¯C¯ associated to equa-
tion (22) is given by
δ(u, v) = 16k4q221
(
4kq40 − 9q221
)2
v2 +Q12uv
2 +Q03v
3
− 16k3q21
(
40k3q340 − 554k2q221q240 + 2211kq421q40 − 2736q621
)
u2v
+ 4k2
(
4608q821 − 6240kq621q40 + 3513k2q421q240 − 948k3q221q340 + 100k4q440
)
u4
+ Q31u
3v +Q22u
2v2 +Q13uv
3 +Q04v
4 +O(5),
where Qij is function of k, q21, q12, q03, q40, q31, q22, q13, q04 and the coeffi-
cients of order five and six.
The function δ has principal part (accordingly to the Newton’s polygon)
given by:
δp(u, v) =
1
4
k2
(
100k4q4
40
− 948k3q2
21
q3
40
+ 3513k2q4
21
q2
40
− 6240kq6
21
q40+
+ 4608q8
21
)
u4 + q21k
3
(−40k3q3
40
+ 554k2q2
21
q2
40
− 2211kq4
21
q40+
+ 2736q6
21
)
u2v + q2
21
k4
(
9q2
21
− 4kq40
)2
v2.
It is worthwhile to mention that δp does not depend on q12, q03, q31, q22, q13
and q04.
We can check using symbolic algebraic manipulators that the determinant
of the Hessian of δP (u, v) = δp(
√
u, v) is
det(Hess(δP )(0, 0) = 2
1473k6q421(kq40 − 4q221)(kq40 − 3q221)4.
Thus δ has a A±3 singularity at the origin if, and only if,
(25) 9q221 − 4kq40 6= 0 and k6q421(kq40 − 4q221)(kq40 − 3q221)4 6= 0,
(for more details about A±k singularities see [1, Chapter 11]).
In fact, δ has a A+3 singularity if kq40 − 4q221 > 0 and A−3 singularity if
kq40 − 4q221 < 0. Equation (25) means that δP (u, v) is a nondegenerate
quadratic form.
AFFINE CURVATURE LINES OF SURFACES IN 3-SPACE 21
When δ has a A±3 at the origin, by composition of diffeomorphism in the
source, δ can be rewritten locally as v2 ± u4, see [1, Chapter 11, page 188].
When δ has a A−3 singularity at the origin, the double ξ-direction set is
locally homeomorphic to v2 − u4 = 0, a pair of parabolas. If δ has an A+3
singularity at the origin, the double ξ-direction set is locally homeomorphic
to v2 + u4 = 0, an isolated point.
Remark 5.3. (1) Note that if kq21
(
4kq40 − 9q221
)
= 0, then δ has a
singularity of corank 2 at the origin.
(2) If kq40 − 3q221 = 0, p is more degenerate than a Gauss cusp point.
(3) Finally, if kq21
(
4kq40 − 9q221
) 6= 0 and kq40 − 4q221 = 0, then δ has a
singularity of type Ak, k > 3.
When δ has a A−3 singularity at the origin, the curves that form the double
ξ-direction set are given by v = αiu
2+O(3), i = 1, 2, where αi are the roots
of the quadratic equation P22α
2 + P12α+ P11 = 0, where
P22 = k
4q221
(
4kq40 − 9q221
)2
,
P12 = −k3q21
(
40k3q340 − 554k2q221q240 + 2211kq421q40 − 2736q621
)
,
P11 =
1
4
k2
(
100k4q440 − 948k3q221q340 + 3513k2q421q240 − 6240kq621q40+
+ 4608q821
)
.
In fact, δp(u, αiu
2) = 0 and δ(u, αiu
2 + · · · ) = O(5).
Proposition 5.4. The differential equation of the affine curvature lines
near a Gauss cusp point can be reduced to the following normal forms up to
coefficients of higher order.
(26)
−u3du2+2 (b01v + b¯20u2) dudv + udv2 = 0, if kq40 − 4q221 > 0;
u3du2+2
(
b01v + b20u
2
)
dudv + udv2 = 0, if kq40 − 4q221 < 0.
where b01(q21, q40) = − 114
9q2
21
−4q40k
3q2
21
−q40k
6= 0,
b20(q21, q40) =−
√
2
4
4b201 + 13b01 + 4√
(2b01 + 1) (7b01 + 2)
.
and
b¯20(q21, q40) =−
√
2
4
4b201 + 13b01 + 4√− (2b01 + 1) (7b01 + 2) .
Proof. See Appendix.  
Note that b01 and b20(b¯20) do not depend on q12, q03, q31, q22, q13 and q04.
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Remark 5.5. The BDE’s with function discriminant having an A±3 singu-
larity was studied in [28] where the author was motived by the differential
geometry in the neighborhood of a cross-cap (also called Whitney umbrella).
The behavior of the Euclidean curvature lines near a geometric cross-cap,
was also studied in [15].
The next is the main result of this section.
Theorem 5.6. Let X : R2 → R3 be a local parametrization of the surface
S in a small neighborhood of a Gauss cusp point. Consider b01 as in the
Proposition 5.4. Then the configuration of the affine curvature lines is locally
topologically equivalent to the models listed below.
1. If kq40 − 4q221 > 0, the affine curvature lines are locally topologically
equivalent to the model presented in the Fig. 6. (In this case we
have −12 < b01 < −27 .) The parabolic set is a regular curve and
discriminant is an isolated point, the origin. The binary differential
equation of the affine curvature lines is topologically equivalent to
−u3du2 − 1
2
v dudv + udv2 = 0.
 
P
Figure 6. Affine curvature lines near a Gauss cusp point
when the discriminant δ has an A+3 singularity at the origin.
The curve plotted by dashes and points corresponds to the
parabolic set.
2. When kq40 − 4q221 < 0 we have five distinct topological models:
i) If b01 < −14
(
5 +
√
21
)
, Fig. 7, (R1);
ii) If −14
(
5 +
√
21
)
< b01 < −1, Fig.7, (R2);
iii) If −1 < b01 < −12 or −27 < b01 < 14
(√
21− 5), Fig. 7, (R3);
iv) If 14
(√
21− 5) < b01 < 0, Fig. 7, (R4);
AFFINE CURVATURE LINES OF SURFACES IN 3-SPACE 23
v) If b01 > 0 and b01 6= 14 , Fig. 7, (R5).
The discriminant is formed by two regular curves having a quadratic con-
tact at the origin.
The binary differential equation of the affine curvature lines is topolog-
ically equivalent to one of the following topological normal forms, i.e., the
affine configuration is topologically equivalent to one of the normal forms
below.
(R1) u
3du2 − 2
(
3v +
9
250
u2
)
dudv + udv2 = 0.
(R2) u
3du2 + 2
(
−2v + 7
20
u2
)
dudv + udv2 = 0.
(R3) u
3du2 + 2
(
−3
4
v +
97
100
u2
)
dudv + udv2 = 0.
(R4) u
3du2 − 2
(
1
20
v +
19
20
u2
)
dudv + udv2 = 0.
(R5) u
3du2 + 2
(
v − 71
50
u2
)
dudv + udv2 = 0.
The topological models are completely determined by the 5-jet of the sur-
face.
24 M. BARAJAS, M. CRAIZER, AND R. GARCIA
 
 
 
P
P
R
1
R
2
R
3
R
4
R
5
P P
P
Figure 7. Affine curvature lines near a Gauss cusp point
when the discriminant has a A−3 singularity at the origin.
The curve plotted by dashes and points corresponds to the
parabolic set.
Proof. We start considering the equation
(27) ± u3du2 + 2(b01v + b20u2)dudv + udv2 = 0
and naturally, we have two cases to analyze. Note that there are three
invariant curves (separatrices), one has a vertical tangent, and the remaining
two have a horizontal tangent and are given by v =
(
P±i
)
u2+O(3), i = 1, 2,
where P±i are the roots of the equation
(28) 4 (b01 + 1)P
2 + 4b20P ± 1 = 0.
Consider the weighted polar blowing-up in the equation (27) given by
ϕ(t, r) =
(
r cos(t), r2 sin(t)
)
r ≥ 0 and 0 < t < 2pi.
Note that via the application ϕ, for each angle t0 corresponds the curve
v = sin(t0)
cos2(t0)
u2 + O(3), t0 6= pi2 , 3pi2 and the relative position of the curves de-
pends on the sign of sin(t0). We will use this correspondence conveniently.
1. When kq40 − 4q221 > 0, the new BDE (binary differential equation) in the
variables r, t, after dividing by r3 is given by
(29) A(t)dr2 + 2rB(t)drdt+ r2C(t)dt2 = 0,
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where
A(t) = − cos(t) (cos4(t)− 4b20 cos2(t) sin(t)− 4(b01 + 1) sin2(t)) ,
B(t) = cos2(t) sin(t)(cos2(t) + 2) +
(
cos2(t)b20 + sin(t)b01
)
(3 cos2(t)− 2),
C(t) = cos(t)
(
cos4(t)− 2b20 cos2(t) sin(t)− 2b01 sin2(t)
)
.
The singular points of the BDE (29) are given by r = 0 and the solutions
of A(t) = 0. Therefore the BDE (29) has six hyperbolic singularities in the
interval [0, 2pi] which are given by t = pi2 ,
3pi
2 and the roots of the quadratic
equation
(30) P−i sin
2(t) + sin(t)− P−i = 0,
where P−i is a solution of the equation (28). Note that the equation (30)
is obtained directly via blow-down. Replacing in the equation A(t) = 0,
P = sin(t)
cos2(t)
we obtain (28) for cos(t) 6= 0.
Consider now the vector fields defined by kernel of the differential forms
(31) Yi = r
(
−B(t) + (−1)i
√
B2(t)−A(t)C(t)
)
dr +A(t)dt, i = 1, 2.
Outside their singularities, the vector fields Yi span the line fields associate
to (29) and they have the same singularities. We work in this case with b01
and the expresion of b¯20 in terms of b01, which is given by
(32) b¯20 = −
√
2
4
4b201 + 13b01 + 4√
− (2b01 + 1) (7b01 + 2)
.
By equation (32) we have directly −12 < b01 < −27 . The eigenvalues
of the linearization of the vector field (31) at singular points are −2B
and At =
dA
dt
. Thus, A and At have simultaneous zeros if, and only if,
b01 (b01 + 1)
(
b220 + b01 + 1
)
= 0 or
8b220 cos
2(t) + cos4(t) + 4b01 cos
2(t) + 4b201 + 4cos
2(t) + 8b01 + 4 = 0,
which induce a natural stratification in the bifurcation plane b01b20. In par-
ticular, the restriction −12 < b01 < −27 guarantees that the pairs (b01, b¯20(b01))
are only in the strata (−1, 0) × R in the bifurcation plane. The singular
points, under the hypothesis stated, are two nodes at t = pi2 ,
3pi
2 and four
hyperbolic saddles at the remaining points. The phase portrait is as shown
in Fig. 8, (left). The blowing-down ϕ∗ of the integral curves of the BDE are
as shown in Fig. 8, right.
2. When kq40 − 4q221 < 0, the discriminant function of the BDE given by
equation (27)has a A−3 singularity. The discriminant set δ = 0 (double
ξ-direction set), is formed by two tangent curves given by
v = βiu
2 +O(3), i = 1, 2, where βi = −b20 + (−1)
i
b01
.
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Figure 8. (Left) Local phase portraits of Yi, (i = 1, 2)
when the discriminant δ has an A+3 singularity at the Gauss
cusp point. (Right) Configurations of the affine curvature
lines via blowing-down of the solutions of equation (29).
The BDE in the variables r, t, after dividing by r3 is given by
(33) A(t)dr2 + 2rB(t)drdt+ r2C(t)dt2 = 0,
where
A(t) = cos(t)
(
cos4(t) + 4 cos2(t) sin(t)b20 + 4(b01 + 1) sin
2(t)
)
,
B(t) = (3 cos2(t)− 2)(b01 sin(t) + b20 cos2(t))− cos2(t) sin(t)(cos2(t)− 2),
C(t) = − cos(t)(cos2(t)(cos2(t)− 2) + 2 cos2(t) sin(t)b20 + 2b01 sin2(t)).
The BDE (33) has six hyperbolic singularities in the interval [0, 2pi], which
are given by the roots of
− sin2(t)P+i − sin(t) + P+i = 0,
where P+i is a solution of the equation (28). Consider as before the vector
field defined by equation (31). We consider the expression of b20 in term of
b01, which for this case is given by
(34) b20 = −
√
2
4
4b201 + 13b01 + 4√
(2b01 + 1) (7b01 + 2)
.
Thus, b01 ∈
(−∞,−12) ∪ (−27 ,∞). The eigenvalues of the linearization of
the vector field (31) are given by At and −2B. The real functions A and At
have simultaneous zeros if, and only if, b01(b01 + 1)(−b220 + b01 + 1) = 0, or
8b220 cos
2(t) + cos4(t)− 4b01 cos2(t) + 4b201 − 4 cos2(t) + 8b01 + 4 = 0.
The product of the eigenvalues at singular points are given by the next
expressions: for P+1
(35)
3
2
(4b01 − 1)(2 cos2(t)b01 + cos2(t) + 7b01 + 2)2b201
(2b01 + 1)(7b01 + 2)3
,
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and for P+2
(36)
−
1
32
(4b01 − 1)(4b
2
01 + 10b01 + 1)(7 cos
2(t)b01 + 8b
3
01 + 2 cos
2(t) + 20b201 + 16b01 + 4)
2
b
2
01
(7b01 + 2)(b01 + 1)5(2b01 + 1)3
The equations (35) and (36) give the exceptional values of b01 where the
topological type of the singularities changes. The singularities of the vector
field Yi are hyperbolic saddles and nodes (it can be verified through the
equations (35) and (36)) and the phase portraits corresponding to each case
stated in the Theorem are as shown in Fig. 9.
 
R1 R2
R3
R4 R5
Figure 9. Local phase portraits of Yi, i = 1, 2, and global
resolution of the affine curvature lines near a Gauss cusp
point when the discriminant δ has an A−3 singularity at this
point.
As in the first case, the blow-up of the affine principal configurations,
given by equation (33), has also six hyperbolic singularities (saddles and
nodes) and the number, types and relative position of saddle and nodes are
as shown in Figs 7 and 9.
The construction of the topological equivalence between the binary dif-
ferential equation of affine curvature lines and the normal forms stated can
be performed using the method of canonical regions, see [19].  
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Appendix
In this section the proof of Proposition 5.4 will be given.
A direct calculation shows that the BDE of affine curvature lines in the
parametrization X(u, v) = (u, v, h(u, v)), see equation (23), is given by
(
a11uv + a02v
2 + A¯3 +O(4)
)
du2 + 2
(
bˆ01v + B¯2 + B¯3 +O(4)
)
dudv +
+
(
c10u+ c01v + C¯2 + C¯3 +O(4)
)
dv2 = 0,
where the A¯i, B¯j and C¯k are homogeneous polynomials in the u, v variables
of degree i, j, k respectively and the coefficients ai1j1 , bi2j2 and ci3j3 are
functions of the coefficients qij of the parametrization X. We make a smooth
change of coordinates of the form
{
u = α1U + α2V + p2(U, V )),
v = β1U + β2V + q2(U, V ),
where p2 and q2 are homogeneous polynomials in the U, V variables of degree
2. We multiply the new BDE by 1 + γ1U + γ2V and by a suitable choosing
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of αi, β1, γ1, γ2, p2 and q2, we rewrite the BDE as(
Aˆ3(U, V ) +O(4)
)
dU2 + 2
(
b˜01V + b˜20U
2 + Bˆ3 +O(4)
)
dUdV +
+
(
U + Cˆ3 +O(4)
)
dV 2 = 0,
where Aˆ3, Bˆ3 and Cˆ3 are homogeneous polynomials of degree 3 (for more
details see [28]). Finally we consider the change of coordinates{
U = u+ p3(u, v)),
V = v + q3(u, v),
and again multiply the new equation by 1 + γ20u
2 + γ11uv + γ02v
2. By
appropriate values γ20, γ11, γ02, and the polynomials p3(u, v) and q3(u, v),
obtained solving the linear homological equations, we can rewrite the BDE
as(
A30u
3 +O(4)
)
du2+2
(
b01v + bˆ20u
2 + bˆ30u
3 +O(4)
)
dudv+(u+O(4)) dv2,
where b01 = − 114
9q2
21
−4q40k
3q2
21
−q40k
,
(37) b20 = − 1
10976
411q421 − 195q221kq40 + 20k2q240
β52k
5q321(3q
2
21 − kq40)2(9q221 − 4kq40)
,
A30 =
1
21952
4q221 − kq40
β102 k
10q421(3q
2
21 − kq40)2(9q221 − 4kq40)2
.
Thus, fixing the sign of 4q221 − kq40 we can reduce A30 to ±1 by a suitable
choose of β2 as we show next: if 4q
2
21 − kq40 < 0, for
β2 = β
−
2 =
(
1
21952
− (4q221 − kq40)
A30k10q
4
21(3q
2
21 − kq40)2(9q221 − 4kq40)2
) 1
10
we obtain A30 = −1. In the case 4q221 − kq40 > 0, for
β2 = β
+
2 =
(
1
21952
4q221 − kq40
A30k10q421(3q
2
21 − kq40)2(9q221 − 4kq40)2
) 1
10
,
we have A30 = 1. Replacing β
−
2 and β
+
2 in the equation (37), we obtain the
desired expresions and this complete the proof. 
Remark 5.7. In the proof of Theorem 5.6 we use other expressions for b20
and b¯20 in each case. Note that b01, b¯20 and b20 are expressed in terms of
q21 and q40. In fact, we replace the values of b01 in b20 and b¯20, and obtain
the next expressions to them, in terms only of b01:
b¯20 = −
√
2
4
(4b201 + 13b01 + 4)√
−(2b01 + 1)(7b01 + 2)
and b20 = −
√
2
4
(4b201 + 13b01 + 4)√
(2b01 + 1)(7b01 + 2)
.
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We have b¯20 when 4q
2
21 − kq40 < 0 and b20 when 4q221 − kq40 > 0, respec-
tively singularities of the discriminant function of associate binary differen-
tial equation of types A+3 or A
−
3 at the origin.
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